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Abstract. Prescribing, by conformal transformation, the fc th -elementary symmet- 
ric polynomial of the Schouten tensor (Tfc(P) to be constant is a generalisation of 
the Yamabe problem. On compact Riemannian n-manifolds we show that, for 
3 < k < n, this prescription equation is an Euler-Lagrange equation of some action 
if and only if the structure is locally conformally flat. 



1. Introduction 

Recently there has been significant interest and progress in the study of the so-called 
Gk-Yamabe problem and related curvature prescription problems, see for example [THl 
AT] - On a Riemannian manifold (M,g) (of dimension n > 2) we have the 

well-known decomposition of the Riemannian curvature R = W+ PQg where W is the 
totally-trace-free Weyl tensor, P is the Schouten tensor and denotes the Kulkarni- 
Nomizu product. For a given fixed k (1 < k < n) the ovYamabe problem is to find, 
within a conformal class of metrics, a metric for which 

(1) crfc(P) = constant , 

where <Tfc(P) is the fc th -elementary symmetric polynomial of P. For k — 1 this is the 
classical Yamabe problem. Its solution by Schoen, Aubin, Trudinger, and Yamabe 
(see [T3|) was a milestone in differential geometry. 

We investigate here the question of whether the equation (Q) is variational, that 
is, whether it is the Euler-Lagrange equation of some functional. This is obviously 
important for the treatment of this prescription curvature problem. In particular our 
study is partly motivated by pH] where it is shown that has a solution in settings 
where it is variational. This class of settings includes the cases k = 2 and when M is 
conformally flat Our main result is that on compact Riemannian n- manifolds 

the following holds. 

Theorem 1. For 3 < k < n, the quantity Ofc(P) is variational in a conformal class C 
if and only if C is locally fiat. 

In the cases where a n /2{P) (n-even) is variational, the problem of explicitly finding 
an action is rather different to the situation for other k. It turns out that this is 
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related to the problem of finding an action for the Q-curvature. This is made precise 
in section section I2.2| and dimensions 4 and 6 are treated explicitly. 

The authors are grateful to the MSRI Berkeley, the organisers of the Fall 2005 pro- 
gramme there "Nonlinear Elliptic Equations and their Applications", and the or- 
ganisers of the workshop "Recent Results in Nonlinear Elliptic Equations and their 
Interactions with Geometry" . This article was conceived and largely developed during 
those events. Thanks are also due to Neil Trudinger for helpful discussions. 



2. Background 

We will say a scalar function is a local scalar invariant if it is a natural scalar, that is, 
it is a quantity built polynomially from the metric g and its inverse, and the covariant 
derivative V and Riemann curvature R associated with g. (These are really the 
even invariants. On oriented manifolds one may construct further natural invariants 
via the volume form. However we may ignore this class of invariants for our current 
purposes.) Suppose now (and henceforth) that M is compact. A local scalar invariant 
L is (conformally) variational within a conformal class of metrics C = {g = e 2uJ g | 
uj G C°°(M)} on a manifold M if there is a scalar valued functional (called an action 
or Lagrangian) J-{g) on C with 

(2) F*(g)(w)= [ cuLdvg, all u G C°°(M). 
Here dv g is the pseudo-Riemannian measure, and 

(3) F-{g){u) := A r{e^g). 

e=0 

Below, we shall use this bullet notation for the conformal variation in various contexts, 
sometimes suppressing mention of the initial metric g. In (JHJ), of course, the curve 
of metrics e 2ew g may be replaced by any curve with the same initial tangent g* = 
2ug. We stress that the property of being variational depends both on L and on the 
conformal class C. 

Suppose now that g has Riemannian signature. Given a variational local invariant L 
and the corresponding functional J 7 , suppose that g is a critical metric for conformal 
variations uj with uj := J uj dv g = 0. (These may be interpreted as volume-preserving 
perturbations.) Then the quantity in (J2J) vanishes for all uj G C°°(M) with ZJ = 0, and 
this in turn implies that L is constant. Thus for variational quantities L, prescription 
of a constant value through conformal deformation is the Euler-Lagrange equation for 
the functional T . A classic example (and the simplest example under consideration 
in this paper) is the Yamabe problem of prescribing constant scalar curvature. With 
J a constant multiple of the scalar curvature, here the functional may be taken to be 
f M J dv g if n > 3, and 



log(g/go)(J dv + (J dv)o) when n = 2, 

M 
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where go is any choice of background metric from the conformal class, and for example 
Jdv means J 9 dv g . The display gives a special case of the action for the Q-curvature; 
see Section E21 below. 

The k— elementary symmetric polynomial of an linear endomorphism A = (A a b) is 
(4) a k {A)=A a \ ai ..-A a \ k]l 

where we use abstract index notation. In particular, an index occurring twice, once up 
and once down, denotes a contraction, and square brackets denote antisymmetrisation. 
Up to a nonzero constant factor, this gives the A < - n_fc - ) coefficient in a n (X Id — A), where 
n is the dimension of the space on which A acts, and a n is as in (j3J) for k = n. This 
follows from an easy argument in exterior algebra, or one may use Lemma El below. 
Note that o~ n (A) is the determinant of A and, of course, o~k{A) vanishes for k > n. 

The Schouten tensor, mentioned above, is a trace adjustment of the Ricci curvature 
(at least for dimensions n > 3) 

_ Ric — Sg Seal 

where J :- 



7i-2 2(n-l) 

Here Seal = Ric a a is the scalar curvature. Via the metric P yields a section of End TM 
and so we may speak of the scalar invariants crfe(P). For example, o~\(P) = J, and 
02 (P) — |(J 2 — |P| 2 )- Here, to get the norm-squared of any tensor, we contract it 
against against the same tensor with abstract indices in the same order; for example 



I p|2 _ pafep 



ab ■ 



A local scalar invariant L has weight —I if uniform dilation of the metric has the effect 
L[A 2 g] = A~ e L\g] for all < A e E. For example, a k (P) has weight —2k. 

Lemma 2. Let L be a weight —I local invariant. 

(i) The map 

(5) D:co^lcuL + L m (uj) 

is a natural differential operator of the form Td (i.e. with the exterior derivative d as 
a right composition factor). 

(ii) L is variational in a Riemannian conformal class C on a compact manifold M if 
and only if D is formally self-adjoint at all metrics in C. 

(m) If L is variational in a compact Riemannian (M,C), then 

(6) ( f L dvg^ (oj) = {n-i) f ujL dv g in C. 
In particular, if £ ^ n, then 

(7) (n-ey 1 [ Ldv g 
is an action for L in C. 



a 

M 



Proof: The conformal variation the Levi-Civita connection is a linear function of 
du. This determines the conformal variation of the scalar invariant L as a differential 
operator on uj except for a term —luL arising from the use of the inverse metric in 
making contractions. So (0) is a differential operator of the form Td. (For an inductive 
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argument see, for example, [I].) This proves (i). Now fix a conformal class C. Since 
the space of metrics in C is contractible, J uoL dv g is a variation of some functional on 
C if and only if the putative second variation 



S(t],0l>) = j 7](Ldv g )* = (n — £) j rjujLdv g + j rj(Duj)dv g 

is symmetric. From the extreme right end of the display it is clear that this holds if 
and only if D is formally self-adjoint. This proves (ii). Now 

I / Ldvgj (oj) = 5(1, uS) = (n — I) I ujLdv g + (Du)dv g . 
\J m J Jm J 

But in the variational case, 

J{Duo)dv g = J{Dl)uodv g = J(Tdl)cudvg = 0, 
as desired for ©. □ 

In the subsequent calculations we will write S\ a , or sometimes VS, for the Levi-Civita 
covariant derivative of a tensor S. Since the Levi-Civita connection is torsion-free, 
for a function u, u a := u\ a is the exterior derivative of uj and uo^ = uo^ is symmetric. 
If u a is a 1-form and u a \b its (Levi-Civita) covariant derivative with respect to the 
metric g then, the covariant derivative with respect to the conformally related metric 
g = e 2T g (T e C°°{M)) is 

u^\b = u a \ b - T a u b - T b u a + g a b^ c u c 

It follows easily that the Weyl curvature \N a b c d is conformally invariant, and we have 
the following result for the Schouten. 

Lemma 3. If g = e 2T g then P ab = P ab - T ab + T a T 6 - \T c T c g ab and so 

P'{u>) = —Hess a;, 
where Hess u is the covariant Hessian uo ab . 

2.1. The main constructions. An interesting special case of our problem concerns 
(T3 = P a [ a P b b P C c] ■ (We shall often write simply to mean 0fc(P).) We shall show: 

Proposition 4. Let n > 3. The quantity cr 3 (P) is variational on a conformal class C 
if and only if C is locally fiat. 

This is just a special case from Theorem ^ above, which makes the same statement 
about (Tfe for 3 < k < n. We present the proof of this first because it brings out most 
of the main issues in a very simple setting. Here and below (via the metric) we view 
P as a (1, l)-tensor. 

Proof of Proposition 0] Since P* = — Hesscu, we have 

((7 3 )*(a;) = -6a;(73-3a; a [a P 6 6 P c c] . 
By Lemma |5J cr 3 (P) will be variational in C if and only if 

D : u h+ u a {a P\P c c] 
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is formally self-adjoint at all metrics in C. This is equivalent to the assertion that for 
all functions uj, rj, 

rjDuj — uoDt] G Div, 

where Div is the space of exact divergences. But 

r]Du G -o; a (P 6 [6 P c c 77)| a] + Div = -u a P b [b P c c r) a] - u a {P b [b P c c ) la] r) + Div. 

The first term on the extreme right is manifestly symmetric in uj and 77; thus 

r]Dco - loDt] G (oo7] a - r^ a )(P b [b P c c )| a] + Div. 

Evidently if the natural tensor T a := {P b [bP c c )\a] vanishes identically then D is formally 
self-adjoint. On the other hand if we assume that D is formally self-adjoint then, for 
all smooth functions lu,t], we have 

(8) {urf - r]uj a )T a G Div 

In particular we may take u — 1, whence ifT a G Div which, in turn, implies that 
r)T a \ a G Div for any smooth function rj. Thus T a \ a vanishes identically. But this with 
(JHJ) implies that r\uj a T a G Div, for all smooth functions ui, rj and hence T a = (P b [bP c c )\a] 
vanishes identically. We conclude that cr 3 (P) is variational in C if and only if (P 6 [6P c c )| a ] 
vanishes identically for each metric in C. 

But, performing the antisymmetrisation indicated, we find that 

(9) 3(PVP c c )| a] = P" c C c a6 , 

where C c ab is the Cotton tensor 2P c [ a |b] . We recall that, from the contracted Bianchi 
identity, this is completely trace-free. 

Now if the conformal class C is locally flat, then C vanishes at each metric of the class. 
Indeed, 

(n-3)C bcd = \N abcdl a , 

where W is the Weyl tensor. This establishes the "if" part of the proposition, since 
W = (resp. C = 0) is a necessary and sufficient condition for local conformal flatness 
in dimension n > 4 (resp. n = 3). 

To establish the "only if" part of the proposition, we need to show that the vanishing 
of P b c C c a b at each metric of C implies that C is locally flat. Taking the divergence, we 
have 

(10) = (P 6 c C c ab )| a = P b c C ab \ a + PVC c a6 = P'cCV - \\c\ 2 
at each g G C. 

A conformal normal scale at a point p (the node) is a metric in our conformal class C 
in which the £— symmetrised covariant derivative of P at p vanishes for £ = 0, • ■ ■ , m 
[B]. Here m just needs to be chosen large enough for the particular problem at hand; 
in our case m = suffices. By (fTTH) . |C| 2 and thus the tensor C vanish at the node 
in a conformal normal scale g. Thus, for every point p G M, there is a normal scale 
g p G C so that C 9p (p) = 0. In dimension n = 3 C is conformally invariant and so 
this already shows that C is locally conformally flat. For a given p G M and normal 
scale g p , the freedom to vary g through additional conformally related normal scales 
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g p = e 2v g g allows us to realise an arbitrary element of T*M as (drj) p , see Lemma El 
But the general conformal change law for the Cotton tensor is 

(11) 9 = e 2uj g C abc = C abc + u d \N d abc . 

Thus a J W vanishes at p for all a G T*M and, as a consequence, W vanishes at p. 
Since p was arbitrary, W = 0; this shows C is locally flat if n > 4. □ 

For the the case k > 3, we note a technical lemma. 

Lemma 5. If F ai bl ■ ■ ■ ap b v is a tensor field (possibly taking values in an auxiliary 
vector bundle) and p + q < n, then 

F a i r ... a p A a p+i . . . X a p+q , - r P a i r ... a p , 
- 1 [ai a p " a p+ i u a P + 9 J u± [ai a p \ 

for some nonzero constant c. 

Proof: By induction, it suffices to prove this for q — 1. □ 

Proof of theorem U Proceeding in analogy with the proof of Proposition 01 we 
have 

(<7 fc )» + 2Aw fe = -ku a \ ai P a \ 2 ■ ■ ■ P a \ k] . 
Thus by Lemma El Cjfc(P) is variational if and only if the operator 

D:u^u a \ ai P a \ 2 ---P a \ k] 
is formally self-adjoint. But if Div is the space of exact divergences, 

(Du)ri E -cu a ^P^ [a2 ■ ■ ■ P ak a k v)\ ai ] + Div 

= ~U a ^ [a2 ■ ■ ■ P a \ k r] ai ] ~ ^ ai (P a2 [a 2 • • • P ak a k )\ai]V + Dw " 

The first term on the right is manifestly symmetric in u and rj. Thus (twice) the 
antisymmetric part, in uj and 77, of [Duj)r] is 

modulo terms in Div. 

Thus, arguing as in Proposition 01 we see that is variational on C if and only if the 
one-form 

k — 1 

T TP a 2 r ...D a k V . — r<12 r D03 ...D a k , 

1 ai ■ l r [02 r a.fc 7 2 [a2ai r 13 r a fc J 

vanishes at each metric of C. If C is locally conformally flat then, as observed above, 
C vanishes identically, and so T a vanishes identically and is variational. 

It remains to show the implication ^> of the Theorem. Pick any metric g G C and 
write the invariant T a at any 'g = e 2uJ g using the conformal change laws |TT| and (from 
Lemma 01) 

Pab e Pab - uj ab + {dw), 
where (du) is the set (ideal) of expressions containing a factor of an (undifferentiated) 
du. By an elementary scaling argument, the s-homogeneous contribution to this under 
uj i — > Xuj, < A G 1, must vanish for each s. The same is true if we restrict to any 
special class of conformal factors uj, provided the class concerned is invariant under 
this scaling. Choose a point p and let S p be the set of (conformal factors) uj with 
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(du) p = and (Hessu;)p a nonzero multiple of the metric g. The (k — 3)-homogeneous 
part of T p is then 

const • C a2 [a2ai P a3 a3 5° 4 04 • ■ ■ 5 a \ k] = const ■ C a2 [a2ai P a3 a3] = const • C a2 a3ai P a3 a2 , 

evaluated at p, where "const" is a nonzero constant which may vary from expression 
to expression, and where we have used Lemma |3J Since p and g were arbitrary, we 
have cTfc variational only if C c a bP b c vanishes for each metric in C. This puts us in the 
same situation as in the proof of Proposition at the point just above equation (fTUj). 
The rest of the proof is now identical to the argument given there. □ 

2.2. The action functional for cr n /2(P) and the Q-curvature. From Lemma El 
it is clear that, even when a local invariant of weight — n is known to be variational, 
it is a non-trivial exercise to obtain for it a conformal primitive. The question of 
getting an action in such cases is related to that of the action for the Q-curvature, 
which was defined in even dimensions in j2]. We discuss this in the current context 
since it gives an illustration of the general picture, while at the same time providing 
a route to explicit action formulae for cr n / 2 (P). We should point out that a homotopy 
formula giving a primitive for cr n / 2 (P) on locally conformally flat structures (and also 
for n = 4) was given in jB]. 

First, note that for a local invariant of weight — n to occur, within our current frame- 
work, the dimension n must be even, since all (even) local scalar invariants have even 
weight. The conformal change law for the Q-curvature is 

(12) g = e 2 "g^Qdv=(Q + Puj)dv, 

where P is the critical GJMS operator [TH], a conformally invariant, formally self- 
adjoint differential operator with principal part A n//2 . Here A is the Laplacian V*V, 
in terms of the Levi-Civita connection V. Consider the two-metric action functional 

Q(g, 9o) '=\ \ i°g(g/go) {(Q dv) + Qdv}. 

4 J M 

Now vary g conformally, g* = 2ug, keeping g$ fixed. We have 

log(<7/<?o)* = 2lu, (Q dv)l = 0, (Q dv)' = (Puj)dv. 

As a result, 

Q(9,9oY=\ J u {{Q dv) + Q dv} + ^ J log{g/g ){Puj)dv. 

V v ' 

=f[Plog(g/go)]tadv 

We now take advantage of ([T2|) in the form 

[P\og(g/g )]dv = 2{Qdv- (Q dv) } 

to conclude that 

Q{g,go)' = J ^Qdv. 

This shows that for any g G C, the functional g t— ► Q(g,go) is an action for Q. For 
the problem of getting an action for o~ n /2(P), this immediately does the case n — 2, 
since c 1 (P) = J is the Q-curvature in that dimension. 
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More generally, suppose that n is even and C is locally flat. Since a n / 2 is then varia- 
tional (by the easy part of Theorem ^ above), Lemma Efhi) implies that J c n / 2 (P)dv g 
is independent of g G C. By jHJ, cr n / 2 (P) is of the form c • Pff + 77, where 77 is an exact 
divergence, c is a universal constant, and the Pfaffian term Pff is normalised so that 
its integral gives the Euler characteristic. The case of the standard sphere, in which 
P = Sg/n = g/2, identifies the constant c: by Lemma 

n\ 



ff „/ 2 (P)=2-"/ 2 JV^=2-/ 2 [()(/2 

n/2 factors 



so that integrating over S n , 

Since f Q dv g is also independent of g G C, jSj also guarantees a universal constant q 
with Q = q ■ Pff + C> where ( is an exact divergence. The case of the sphere shows 
that (n - l)!vol(S n ) = 2q, so that 



2"/ 2 [(n/2)!p(ri-l) 



o" n ./2(P) = T^HuZ /r,Mi9/„ + ( exact divergence). 



Note that the constant factor on the right is 1, 1/4, 1/48 if n = 2,4,6 respectively; 
these are the cases we work out in detail. 



If n = 4, it was shown in [H] that 



* 2 (P) = i(Q-AJ). 

But AJ has action | J J 2 <it>, so 

\(Q{9,9o)- J J 2 ^)- 

is an explicit action for cr 2 (P) in dimension 4. One can make this alternating in the 
metric pair (g,go) (as the Q-functional is already) by using the following. 

Proposition 6. Let n = 4. Then 

£ 2 (<?,<?o) ;= ~ (Q(g,g ) - J {S 2 dv - (J 2 ^) }) 

is an action functional for o 2 iP\ £2 satisfies the cocycle condition 

(13) £2(02, 0o) = £2(^2, #1) + £2(5-1, #0) 

/or any g Q: g x ,g 2 G C. 



The last claim is a consequence of the fact that Q satisfies a similar cocycle condition 
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Similar ideas provide an action for cr 3 (P) in dimension 6, provided that the conformal 
class C is locally flat. Here we have [Oj 

Q = A 2 J + 8|VP| 2 + 16P ab P afc | c c - 32tr(P 3 ) - 8JJ C C - 16J|P| 2 + 8J 3 

= A 2 J + 8|VP| 2 + 16J ab P afe - 32J|P| 2 + 64tr(P 3 ) + 8JAJ + 8J 3 , 

where tr(P 3 ) := P a b P b c P c a . To pass between the two expressions, we have used the 
relation 

P ab P ab \c C = -UP afe -J|P| 2 + ntr(P 3 ), 
which holds on Cotton spaces. 

Now for m even and dimensions n ^ m write P m for m th -order GJMS operator of 
[TU] . We define Q m to be the curvature quantity obtained by applying -^z^P m to 1. 
In particular, working modulo divergences, in dimensions n > 6 (and with C locally 
flat), from expression (23) of jH] and the identity mentioned we have 

Q 6 e l( n _ 6 )|rfJ| 2 + (n + 2) 4 (n ~ 2) J 3 - 4nJ|P| 2 + 16tr(P 3 ) + Div. 
On the other hand, 

6a 3 = J 3 -3J|P| 2 + 2tr(P 3 ). 

Thus for n > 6, 

48or 3 G Q 6 + 48(n - 6)B + Div, 

where 

48S:=~|dJ| 2 -^^J 3 + 4J|P| 2 ; 

2 4 1 1 ' 

in particular, in dimension 6, 

485| n=6 = -^MJ| 2 - 3J 3 + 4J|P| 2 . 

According to [2j, Theorem 5.6, this establishes the following. 
Proposition 7. Let n = 6 and C be locally conformally flat. Then 

X3(jg,g ) = ^Q(g,g ) + J {Bdv-(Bdv) } 

is an action functional for a 3 (P) . In addition, S 3 is alternating, and satisfies a cocycle 
condition analogous to ([73J). 

Once again, the cocycle condition is obvious, because Q also has these properties. 
The explanation for the functional is as follows. In dimensions n > 6, we have 

{a 3 dv )* G {n — Q)uia 3 dv + Div ■ dv, 

(Qedv)' G {n — Q)ojQ§dv + Div ■ dv. 

The first is from Lemma El since 03 is variational (by Theorem Q as C is locally flat). 
By construction Q 6 satisfies an analogue of the Yamabe equation and this implies the 
second of these (details are in j2j). We continue the action from ((7|) 

(n-6)- 1 ! o- 3 = ^(n-6)- 1 | Q + J B 
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— / Quo dv + I / B dv I = / UU03 dv. 



to dimension 6 to get E 3 as above. 

Since everything is explicit, we can check directly (restricting everything now to di- 
mension 6) that this gives an action for 03; that is, that 

1 

48 
Indeed, 

(|dJ| 2 )' + Quj\dS\ 2 e u (2A 2 J - 4JAJ + 4|dJ| 2 ) + Div, 

(J 3 )' + 6wJ 3 G 600 (JAJ — |gLI| 2 ) + Div 
(J|P| 2 )' + 6cuJ|P| 2 e u (2JAJ - 4|dJ| 2 - 2 (Hess J, P) - 2P ab P a% c - 2|VP| 2 ) + Div 

= u (2JAJ - 4|dJ| 2 - 4J ab P afe - 2| VP| 2 + 2J|P| 2 - 12tr(P 3 )) + Div. 
These formulae and Q(g,go)' = J ujQ give the Proposition. 
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